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ABSTRACT 

This  paper  investigates  the  transmission  properties  of  a 
rectangular  \mveguide  in  which  there  is  inserted  a  parallel  rectangular 
dielectric  strip  of  finite  length.   The  equivalent  circuit  is  deter- 
mined by  variational  methods  due  to  Julian  Schvri.nger,  Formulas  are 
given  for  the  standing  vave  ratio  due  to  the  dielectric  "block.   These 
are  shown  to  he  quite  accurate  \ihen   the  block  is  narrov;  compared  to 
the  width  of  the  guide.   Graphs  are  appended  showing  the  dependence 
of  the  standing  wave  ratio  on  the  various  parameters  of  the  problem. 


2. 


•1.  Introduction 


The  equivalent  circuit  for  a  circularly  cylindrical  dielectric  post 
in  a  rectangular  waveguide  has  "been  detemined  hy  Julian  Schuinger.   He  gives  re- 
cults  for  the  circuit  elements  v/hen  the  post  radius  is  not  too  large  and  the 
dielectric  constant  is  not  too  great.   It  is  the  purpose  of  this  report  to  find 
the  equivalent  circuit  vmen  a  rectangular  dielectric  tlock  is  placed  in  a  v/aveguide. 

We  shall  consider  only  dielectric  'blocks  which  are  placed  parallel 
to  the  snort  side  of  the  g-uide  and  extend  completely  across.  Thus  the  geometrical 
situation  is  as  follo'.;s: 

Top 
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c~- 


ELnd  Side 

The  ;uethods  \:herelDy  a   discontinuity  in  a  waveguide  may  "be  represented 
ty  an  equivalent  circuit   "ore  developed  hy  Julian  Schv/inger   in  a  series   of  lectures 
given  at   the  I'-.I.C.   Hi-idiation  Laooratories.      Notes   on   these  lectures  have  teen  pre- 
pared and  distribu-.ed  hut, since   the  material   is   not   too  widely  hnovm,     portions    of 
it  idll   be   developed  nere.     An  alternative  method  of  procedure,    due   to  Vminnery  and 
Jameson.    (P.I.H.S.    ?eh.    I9UI+,   pp,   9S-ll!+),   proved  too   difficult   to  apply  in  the 
problem  in  question. 

Suppose   that   the  dimensions   of  the  v/avegaide   are   such  that    only  the 
loi/est  mode,    i.e.,    TE^^  mode,    can  propagate.      Then,    regardless   of    the   nature  of  the 
discontinuity,    the      fields    at  great   distances  will  be   given  solely  by  lov/est  mode 


terras^   The  effect  of  the  discontinuity  on  the  fields  at  great  distances  may 
accordingly  be  lumped  into  a  description  of  tlie  lowest  r.ode  fields.   Voltages  and 
currents  may  "be  defined,  and  the  uhole  uaveguide  prohlem  reduced  to  a  transmission 
line  proolem,  with  the  discontinuity  represented  oy  an  equivalent  circuit. 

2.  The  Equivalent  Circuit 

Let  us  use  a  coordinate  system  in  \.rhich  the  z-axis  is  along  the 
guide,  uith  z  =  0  at  the  center  of  the  block,  and  the  x  and  y  axes  ar;  parallel 
res-oeetively  to  the  long  and  short  transverse  dimensions  of  the  guide.   Tne  origin 
is  at  the  lo\/er  left  hand  corner  of  the  guide. 


The  incident  field  consists  solely  of  lowest  node  \/aves,  v±iich  have 
only  a  y-^component  electric  field.  Because  of  the  nature  of  the  obstacle  no  other 
components  of  electric  field  v;ill  be  generated,  since  all  boundary  conditions  can 
be  satisfied  './ithout  them;  and  all  field  components  uill  be  independent  of  y,  since 
the  incident  field  is.   Therefore  let  us  write  E  =  </'(x,z).   The  raagnetic  field 
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may  be   derived  from  S     as  E     =     -     — 

y    X     icOyu.  a  z  • 


H  = 
z 


The  time  factor 


-if-U 


icju    3  X 

e     is  understood  throughout,  and  we  will  eventually  replace  i  by  - j ,  in  accord- 
ance v;ith  engineering  practice. 

The  dielectric  block  may  be  somewhat  lossy.  Under  these  circiunstances, 
the  dielectric  constant  may  be  considered  to  be  complex,  and  the  analysis  does  not 

change  in  form.   In  the  end  we  replace  the  ccmplex  dielectric  constant  by  its  real 
and  imaginary  parts. 


We  may  conveniently  define  voltages  and  currents  to  obtain  the 
equivalent  circuit.   The  voltage  v/ill  be  expected  to  be  a  measure  of  the  lowest 
mode  electric  field,  and  the  current  a  measure  of  the  lov/est  mode  transverse  mag- 
netic field.   These  voltages  and  currents  i;ill  then  obey  transmission  line  equations , 
since  the  field  components  of  the  louest  mode  fields  obey  them.   By  superposition, 
these  voltages  and  currents  -./ill  be  linearly  related.   The  sense  of  the  voltages 
and  currents  \/ill  be  as  in  the  figure  below. 
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The  relations  between  voltages  and  currents  will  be: 

\  =  \l   Il-^^22^2 

The  reciprocity  theorem  yialds  Z   =  Z    and  the  symmetry  of  the 

obstacle  around  the  z  =  0  plane  yields  Z,-,  =  S   .   Hence  the  relations  bett;een 

voltages  and  currents  are  deterained  'oy   the  two  -oarameters  Z   and  Z.  „,  To  find 

these,  \;ill  be  the  goal  of  this  paper, 

"ie  can  represent  the  total  electric  field  ''o'^   a  sun  of  even  and  odd 
functions.   In  the  even  case  ue  iiave  Lf   (x,z)  =  (V   (x,-z),  so  V^  =  V^  =  V  .  From 

t.  6  X      cl      G 

Equation  1)    it   follows   that   \  ~   T-2  ~   -^e'    ^°   there   is   a  discontinuity   in  the  current 

at   z  =  0,    from  the  assumed  positive   directions   of  I,    and  I    .      This   corresponds   to 

an  open  circuit  at    z  =  0.      From  Equation  1)   it   follovs   that; 
2)     V^ 


\l*2 
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5. 


In  the   odd  case,   v;e  have   U     (x.z)   =  -  <p    (x,-z),   and  therefore 

V,    =  -V„  =  V   .     From  Souation  l)  we  get  I,    =  -I„     =  I    .     Hence  the   current  is   con- 
12  0  "  1  d  0 

tinuous  at      z  =  0,   while   the  vol  cage   is   discontinuous,    and  we  have  a  pure   series 

situation.      Tnis  corresponds  to   short-circuiting  the  guide  at  z  =  0.     Ue  have  from 

Eauation  1) 


V 
3)    I 
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The  circuit  representing  the  discontinuity  is: 
_J ^ ''\/\/\/s/v\/^- 1 -N/syv/N/N/v^— <r 


^.. 
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3.   The  Integral  Equation 

In  order  to  o'otain  the  circuit  elements,    it    is  necessary   to  have  ex- 
pressions  for  the   fields.      The  analysis   for  a  dielectric  hlock   is    formally  the 
same  as   it   is   for  a  dielectric  post.      The   latter  has  'been  developed  hy  Schv;inger, 
and  v/e   shall  traascrihe  parts   of  it  here. 

The  most   convenient  v;ay  to   ootain  the    fields   is  hy  r.ieans   of  a  Green's 

function.      Thus,   let  us   define  a  function  &(x,z,x*,z ' )  as   such  that   iCJ/AG-  is  the 

y-component   electric  field  at  a  point  x^z, produced  "by  a  unit   current  filament    in 

the  y  direction  at  x',    z'.      Let     j.  (x,z)  he   the   polarization  current   in  the  hlock. 
we  ( 

Then/ottain  the  eoaation: 

h)     (fJ  {x,z)  =    (p^^  (:c,z)  +   i6JyU    /    j      (x'.z')  G(x,z,x',2«)  ds ' 

where  if        (x,z)  is  the  incident  field,  vmich  consists  of  lowest  mode  terms.   The 
integration  extends  over  the  cross-sectional  area  of  the  block.  Equation  U)  may  "be 
interpreted  as  saying  that  the  total  field  in  the  guide  is  equal  to  the  sum  of  the 
contrihutions  from  all  sources.  The  term  (f^^   represents  the  part  due  to  the  source 
at  infinity;   the  integral  is  the  part  due  to  the  sources  in  the  dielectric.   The 
field  from  one  current  filament  in  the  dielectric  v/ould  he  it3yUGj^  ,  hence  the 
field  from  all  the  filaments  is  obtained  by  integration  over  the  block. 


6. 

The  G-rten's  function  &  has  heen  found  cy  Schwinger,  and  it  is  given 


as; 


00  .   nnx  .  nnx'  -v    \           A 

r —   sm  sin  iL  Iz  -  zM 

^  X  -     1  N  a       a  n  I      \ 

5)G=  -^    /       g e 

1         n 

v/here  K  =  Jk     -   (— )   ;  k  =  -v  •  ^'here  X  is  the  free  space  wavelength.  For 
n   "^       a  A 

the  assumed  dimensions  of  the  guide  K,  =  K  is  real,  v;hile  all  other  K  's  are  pure 

^_       X  n  - 

imaginary,    thus:    K     =   i  ^J {—)     -  k       n  >  1.      K     is   the  proiaagation  constant   of   the 
n  a  n  ■^ 

IS       mode   in  the  guide,    and  "by  assumption  only  the  TE  ,    propagates.        The  Green's 

function  is   found  'by  observing  that   G  will  he  a  solution  of  the  \;ave   equation  with 

a  unit   line   soiirce  singularity  atx  =  x',z  =  z*.      It  \/ill  have   to   vanish  on  the 

side  vails  x  =  0,    a,    since  it   is   the    tangential   component  of  the   electric  field 

there,,   and  must  "behave  like   outgoing  \;aves   at  infinity.     G  may  he   expanded  in 

terms   of  the  indicated  modes,   and  the  coefficients     —  are  found  "by  making  the  z 

n 
derivative   of  G  have  the   discontinuity  at   z  =   z'  proper  to   a  unit   line   source. 

The  polarization  current  may  he   found  easily  fron  Maxv/ell's   eqiiations 
as: 


6)   J^(x,e)   =  -   (_i--  1)   i/j  ^^    (jC'Cx.z) 

•0 


r  dr  ° 


Here  c  is  the  complex  dielectric  constant  of  the  "clock  measured  in 
rationalized  II.K.S.  units.   \/e  shall  call  c/£^     just  £  hereafter,  -rhence  Equation 

k)   "becomes: 


7)  (p{:',^)   =   f  ^''(".z)  +  (t-1)  k^J  ^^x'z')  G(x,z,x',z')  ds ' 

This    is  the   fundamental   integral   equation  of  the  prohlem.      We  now 
wish   to  use   it   to   ohtain   the   impedance   elements, 

h.    The  5ven  Case 

Let  us  first   consider   the   case   -.'here   the   field   is  ?n  even  function 
aro^jnd  the    z-axis.      ?his    corresponds   to   open-circuiting  the   gaide   in  the   z=0  plane, 
or  -..'hat   is   the   same  tning,    to  placing  a    "magnetic  wall"  at   z  =  0.      The   loi^rezt  mode 
incident   field  will    oe   taken  to  he   of  unit   amplitude,   whence   it   is; 

8)    ^-p''%U,z)  -   sin  ~     cos   Kz  =y^    (x.z) 


7. 


^^  =  0,    since  the   electric   field  is   a  maximum  of 


The  Green's   function  must   be  nodified  so   it   satisfies   the  conditions 

3G 
of  the  magnetic   v/all,    that   is      ^^ 

an  open  circuit;      whence  Me  take  ti:ie   even  function: 

C-(x,z,x',z')    +  G(x,z,x',-z') 


9)  5 


00  .     nnx     .      nnx' 

r-—       sm  sxn  — — 

i     \  a  a 


'  i.K     |z-z.'|        iK     |z+z'| 

e  "•■  e 


"1  n 

The   total   field  in  the   guide   is   then: 
10)(/)^=    y^Cx.z)  *  Ci-1)   k^fGgCx.z.x'.z')    i/^   (x',z«)   ds« 

To   find  the   lowest  mode  field,   ue   select  the  term  n  =  1  of  G^,    and 
ottain  far  to  the  left  of  the  obstacle. 


-    „^„   TTX 


ll)'J*lowest  node  =   sin 


a 


cos  Kz  +   (  c-l)   k^  |i  e" 


iKz  r    .   TTX' 


cos   Kz»y:g(x»^2'  )ds' 


=   sm 


TTX 


cos  Kz  +  (£-1)  k^_|i  e~^'^^ry^(x',z')(//'g(3t'Vz')   is' 


Let  us   therefore  define  the  voltage  as: 


12)     Vg(z)   =   cos  Kz  +   (t  -1)  k^  2i_  g-iKz   /^^(xi^^')   (^^(x»,z')   ds ' 
is  V 

since   this/proportional   to   the   amplitude   of  the   electric  field. 

In  the    z  =   0  plpne  the  volta&e  reduces   to: 
2 


13)  Vg  =  1   +   (£-1)  k 


i/te^r    'i^' 


that   is: 


e  T  e 

The  current   ana  voltage  are   related  "by  transmission  line   equations. 


11;)     H  =  ii.:z  I 

>)  z  0 


S     is   thfc   characteristic   impedance   of  the  guide  and   is  arbitrary, 
since  we  may  incorporate   any  multiplying  factor   into   the   definitions   of  voltage   and 
current.      Let  us   therefore   takeg^  =  1,    v/hence  all   impedances  we  may  compute  will  be 
relative  to   the  guide   impedance.      From  Squations   12)   and  Ik)    the   current   is   given  by; 


15) 


Ig(z)   =  i   sin  Kz  -   (fc-1)  k^li  e~^-''^  /  V|/g  <^g   ds  ' 


Then  in  the  z  =  0  plane: 

The  integral  equation  10)  may  be  rewritten  by  separating  real  and 
imaginary  terms.   The  G-reen's  function  may  he  v;ritten  as 

2i  TTX  TT"  ' 

77—  sin     -^  sin     -i^-  cos  K  z  cog   K   z'    +  &•    .      The   first   term  uhen 
Ka  a  a  n  n  e 

placed-in  the   integral  gives 

(6-l)k       :fr-sin     —  cosK     z/    sin     cos   K  z'    {/,      (x'    z ' )      ds ' 

La      a       ^J       3-       n'e' 

=  (£_!)  i,2  H^^  /y^y,   ds. 

Combining  this  with  the  tern  '0/  gives  just  V  W  ,   The  integral  equation  becomes: 

r 

17)  t/g  =  V^  y^  +  (£-1)  k^  j  G«  (x.z.x'.z')  (/>g(x'.z')  ds' 


where  the  function  G-'      is: 

e 


1  .  TTX       .  TTx'    r 


^2^^e     =-     -fe^i^     -5^sin-I|-[sinK|z-z.|-.sinK    |z*zr|] 


00  .       nnx     .        nnx' 


0^  •       rmx     .        nnx'      r  i^.     \        .1        .„     \        .11 

-2_  K- ^  -=  J 


&g   is  pure   real,    since  v/e  have  assumed  tiiat   only  the    first  mode 
propagates,    so   all   the  K's   are  pure  imaginary. 


n 


Let  us   nov;   define  a  nev;  function    U    (x,z)  by   the   relation 
19)      ife(x.2)   =   -  V^  C!)g(x,z) 

In  terras   of   C^     Equation  I7)   becomes: 

20)yg(x,z)  -  ^  d)g(x,z)  +   (£-1)  k2    Tq.    (x,z,x..z')    (j>^(xt.z«)   ds  < 

\/hile  ,on  inserting  I9 )   into   l6),v;e   obtain: 
I 


e 
Y 


ThI    ^    ^^"'^  ^'  i/fe(-.^)  *e('-.^)   ^^ 


9. 

Equations  20)  and  21)  are  the  formcil  solution  to  the  prohlem,   Equation  20)  it.  an 
integral  equation  from  v;hich  the  field  (t)  can  "be  found,  while  21)  gives  the  im-oedance 
elements.   Hence  the  value  of  2.   +  Z^      can  he  ohtained.   To  find  2   and  Z 

separately,  we  nov:  turn  to  a  consideration  of  v;hat  happens  when  tlie  field  is  an  odd 
function  around  z  =  0,   ',*'e  nai'  expect  to  obtain  Z^  ~  ^ip  from  ti'.is,  ty   the  analogy 

hetv/een  Equations  2)  and  3)« 

5,  The  Odd  Case 

An  entirely  analogous  procedure  can  he  carried  through  for  the  odd 
case.   'Je  now  choose  the  incident  electric  field  so  .ii;  -vanishes  at  z  =  0,  thus: 

22)  ,  J"^  (x,z)  =  sin  -H^  sin  Kz  =  W  (x,z) 

The  Green's   function  must  also  he  modified,   so  that   it  vanishes   at 
z  =  0,     We  then  have: 

23)  G^  =  G(x,z,,x',z')   -   G(x.z,x',-z') 

-   — 2_  -r [^  -e  J 

The  total   field  in  the  guide   is    then: 

2U)    {p^(x,z)   =  Y^(x,2)   +   (E-1)  k^     r  G^(x,.z,x',z»)    (/J^(x',z')   ds' 
The  voltage  is  found  directly  to  he: 

25)  V^Cz)  =   sinKz  -   (£-1)   k^     _|_e-^^^^jv|/^(x-.z')    (^^(x<  ,z' )   ds  • 

On  the  plane  z  =  0,  we  have 

r 
2   2 


-  /Y'o(x',z')</>^(x',z')  ds' 
The  current  is  found  from  the  transmission  line  equation  to  be 


26)  Y     =  ~{£-l)   k    ,. 

0  Ka 


27)  I„(z)  =  -  i  cos  Kz  -^  (£-1)  k2  _|_  e-i^^Jy^U',z.)  (^^(x',z')ds 
On  the  plane  z  =  0,  we  have; 

28)  I^  =  -i  -  {£-!)   k2  ^  Jy^  (,,,„)  (^^(,,,,,)  ^3, 


10. 


find: 


Separating  the   imaginary  terti  out   of   the   integral  equation  2U),    -.le 
+   {€-!)  k^    i  G^   (x,z,x»,z')  (f^   (x',z')   ds' 


Here  G'     is  found  to  Tdb: 

0 


1 

Ka 


30)     G'   =  -     -rr-     Gin     — —     sin 


TTX 
a 


TTX' 


00  .  nTTX       .  HiTx' 

sm     sm     

IN  a  a 


r 


sin  K  I z-z'l   -  sin  K   |z+z'| 


[•"■ 


I  z-z'l        iK     j  z+z' j 

-e 


"2  "n 

Using  the   definition  of  current   in  Equation  28)  gives: 

31)  (/?^(x,z)   =   il^   Yo^'^-'^)  ""  ^^-^^  ^^^ho   (x.z.x'.zOy^oCx'.zO   ds' 
Defining  a  nev;  f^.mction   (b    (x,z)  "by  the  relation, 

32)  1^0^-^'"^  "  -^^0  ^0^^'^) 

^j^uations    3^)   ^^<i  26)   TaecoEie  respectively; 

33)  yo(x.z)   -  -    ';^o(x,z)  +   (f-1)  k^J   G^(x,s,x'.z')   Cj)o(x'.z')   ds' 

V 

3U)    ^ 


^11     "as 


(£-1)  k^ll    r  VV,(x'.z')  (f)^(x'.z')   ds« 


Equations  33)  ^.nd  3^)  are  the  formal  solutions  to  this  part  of  the 
problem.   Since  all  the  details  are  entirely  equivalent  to  those  in  the  consideration 
of  the  even  ca.se,  it  has  not  been  thought  necessary'  to  work  out  all  the  steps  lead- 
ing from  22)  to  3!;). 


6.  Variational  7orinulraion  of  the  Impedance  Elements. 

V/hile  20),  21),  33)  sjid  3^)  constitute  formal  solutions  to  the  protljm, 
they  do  not  of  themselves  provide  any  useful  information.  This  is  "because  it  is  not 
possible  in  general  to  solve  the  integral  equations  20)  and  33)»  Instead,  various 
approximate  methods  must  "be  used. 

It  is  possible  to  re^vrite  the  equations  so  that  the  approximate 
methods  used  will  be  self-correcting.   Take  Equation  20),  multiply  by  (b   (x,z;,  and 

/(b     Vl/  ^^    »  This  gives 
the  modified  form  of  the  equation: 


35) 


"f^e   ^^'^^   '^^  *   (S-l>  k^//</)g(x.z)G^(x,z,x',z'}<^^(x',2')dsttf 


-,  2 


f'^  e  y  e^^  [f<Pe  ^e   ^'  ] 

or,  using  Equation  21)  to   simplify  the  left   side: 

-r(|)2(x,z)ds  +(£-1)  k^  ffct>^U,z)  (J^(x,z,x,'2<),;^(x'z')^^,^3 

36)(z,,.2,^)a--l)k2|i=    J V    r.  .        ,       .      -.2 


I     f4>e^^'^^  Ye^""'^^  '^^1 


From  the  way   in  v^ich  the  problem  has  been  set  up  in  terms    of  even 
and  odd  functions,    the  integrals  extend  over  only  half  the  cross-sectional  area. 
The  Oreen's   function  G     v;as  set  up  using  an  image  theory,   and  it    is   clear  that   the 
sum  of   the  even  and  odd  Green's  functions  is   tvdce  the   total  Green's  function 
(Equation  5).      If  we  had  taken  the  original  integral   eqiiation  (Equation  7),  and 
separated  it   into  even  and  odd  parts,    ve  would  have  obtained  certain  factors   of  2, 
which   are  accounted  for   in  going  from  36)   to   37),      If  we   extend  the   integration  over 
the  entire  cross-section,    v.'e  may  replace  the  even  Green's  function  G'  by  G',    the 
entire   real   Green's   f-onction,    since   the  odd  part   integrates   to   zero.      Taking  care 
of  the  factors  of  2  thereby  introduced  gives: 

^7)   (Z       +  Z      )        ^(^-^)   ^       = 

_    J^l  (^'^)   ^^  "^  (g-1)   k^7/(|)e(x,z)G'(x,z,x',z')(jj^(x',z')   dsds' 

r  r<|)g{x,z)y^(x,z)   dsl^ 
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the  dielectric.     \Ie  have  replaced  G-'  by  G-'  hecause  the  odd  part  gives  no  contri'bu- 


In  Equation  37)   ^^^  integrals   extend  over   the   entire  cross-section  of 

Lc.      './e  have  replaced  G-'  b; 

e 

tion  to  the   integral.     G'    is  given  by: 
3g)     G.=  ,     ^sxn-^s: 


1                 TTX       .       TTX*  T-  ,  »   i  ^   i   ^ 

".m  sm  K  i  z-z«      +  —  / 


oo        .      nnx     .     nrrx'        .,.    i         .  ■ 

sin  sm  iK     |  z-z' 

a  a  n  •  ' 


a 


K 


V/e  shall  nov/  shov/  that  the  fijjaction  which  minimizes  Equation  36)   is 
the  same  function  v/hich  satisfies   the   integral  Equation   21),      Suppose    n)  (x,z)   is 

the  minimizing  function.      Call  the  right  hand  side  f ( (t)   ),   and  form  f{0    "^  ^^)t 

\/here  b  is  a  parameter  and  v^  an  arbitrary  function.      Differentiate  v/ith  respect    to 
b  and  set  b  =   0.      From  the   assumption  that    (h^  is   the  minimizing  function,    it 

follows   that   jT     f(  Y    "**  ^ 'iM         ~  °'     Performing  the  differentiation  and  then 
setting  b  =  0  gives: 


ib=0 


39)   0 


=  |t\(^»  = 


)  ds 


(j)^(x,z)  t(p^{xt,zn   Vj/^g(x»,z')  ds»  -\);^(x,z)  r0^(x«.zt)dst 
-(£-1)  k^/  (|)gCx«»z»)G»(x,z,x»,,z«)ds»-/(t)g(x",z")U;g(x';z")ds" 
HE.  -l)k^\|/g(x,z)  //(^^(xJz»)G^(x»,z',x;'z'')<^^(x;'z»)ds<ds" 


Since  V\(x,z)  is  an  arbitrary  function,  it  follows  from  a  fundamental 
theorm  in  the  calculus  of  variations  that  tlie  expression  in  brackets  is  zero.  This 
may  be  '/ritten  in  the  form: 


)ds» 


UO)   Cj)^(x,z)  -  (£-1)  k^/G«(x,z,xt,z')(^g(xt,.zMds»J  J (^^{x\z^)\^^{x\z^)i 

-  y^(x,z)/(J)^(x«,z»)ds»   (|)g(x«,z')-(<f-l)k^J  G^(x»,z»,x",z")(|)^(x;'  z")ds"J  =  0 

If  nov/  d)   satisfies  the  integral  equatiori  21),  the  first  term  reduces 
to\y  (x,z)  /  (f)  (x',z*)\l/  (x»,.zOds'  on  substituting  in  the  bracket.  The  second 

term  becomes,  upon  substitution  in  the  inasier.  bracket, -\y  (x,z)  Id)   (x',z')U/  (x|z'}is'. 

Hence  Equation  UO)  is  satisfied  by  the  solution  of  the  integral  Equation  21),  and 


13. 
conversely.   It  follows  that  the  true  field  Cp     is  the  function  which  minimizes 

Equation  36). 

Since  36)  is  minimized  by  the  true  field,  we  can  find  successive 
approximations  to  the  true  field  by  use  of  it.   Suppose  v/e  assume  a  form  for  (p 
which  contains  several  parameters.   The  integrations  in  36)  are  then  performed, 
and  the  result  minimized  with  respect  to  the  parameters.  The  process  will  usually 
he  repidly  convergent  if  a  good  trial  function  is  chosen. 

An  entirely  similar  analysis  can  he  carried  through  \/ith  Equations 
33)  and  3U).   Again  an  expression  is  ohtained  v/hich  is  minimized  by  the  true  field. 
Approximations  are  used  to  obtain  the  impedance  elements. 

So  far  the  analysis  has  been  identical  with  that  used  by  Schwinger 
in  his  treatment  of  the  dielectric  post.  It  now  remains  to  choose  good  trial  func- 
tions, and  actually  calculate  the  impedances, 

7.  Fields  in  an  Infinite  Block 

In  order  to  obtain  useful  results,  we  should  obtain  a  reasonable 
approximation  to  the  field  in  the  dielectric.   Some  v;ork  has  been  done  previously 
on  the  fields  in  a  waveguide  with  an  infinitely  long  dielectric  strip.  The  modifica- 
tion in  the  cutoff  wavelength  for  various  modes  was  found  by  N.H.  Frank  |  Had, Lab.Rpts, 
T-9  lUid  U3-]l,and  also  by  L.  Pincherle  (_Phys.  Rev.  66,  p.  118 J  .  Both  correctly 
point  ouv  that  the  only  types  of  fields  which  can  be  set  up  are  those  whose  electric 
or  maj^netic  vector,  respectively,  has  no  component  normal  to  the  dielectric  interface. 
There  is  one  set  of  modes  corresponding  to  the  TS  ^  modes  in  ordinary  waveguides  for 

which  the  electric  vector  has  only  a  y-component.  Clearly  these  will  be  the  only 
modes  in  the  finite  block  generated  when  the  incident  field  has  only  a  y-component, 
as  it  does  for  the  lowest  mode  fields. 

For  the  fields  of  this  infinite  block  let  us  assume: 


Ul)       S^  =  A(x) 


-jhz 


Here  h  is   the  propagation  constant   of  the  fields  and  will   in  general 
be  complex.      From  I'iaxv/ell's  equations  v/e   then  obtain: 

X  UijJ. 

H     =     -^    A'(x)   e-^^-" 

Z  LJfJL 


We  must  have  A(x)  =  0  at  x  =  0  and  x  =  a,  and  all  components  of  field 
must  "be  continuous  at  the  dielectric  interfaces,  -./hich  requires  A(x)  continuous, 
A'(x)   continuous.      The  req-ireinent   that  S     ^at^sfies   the  wave   equations  fixes   the 

O  p  p 

form  of  A(x)  as  a  sine  or  cosine  function  of  CX  x,  v/here  ex   ~  k  -  h  ,   Since 

2     2 
k  =    Li  /J  £    is  different  inside  tne  dielectric  from  its  value  outside  the  dielectric 

<X  has  different  vala-;s  inside  from  outside.   The  condioionr  at  the  tv/o  interfaces 

then  yield  a  set  of  equations  fur  the  coefficients  of  the  sine,  and  cosine  fvtnctions, 

and  elimination  gives  an  equation  from  v/hich  the  val^ies  of 'X  may  te  found.   This 

equation  is  siuiple  only  in  the  special  cases  of  a  hlnck  directly  against  the  i/all, 

and  a  centered  "block.   Writing  (X -j^  for  the  value  of  o<   inside  the  dielectric,  -^nd  o<  j 

for  the  value  outside,  ve  have  the  equation  for  a  "block  against  the  wall: 


U3)  o<2  tan  iX^d  +  oC^   tan  [cil    (a   -  d)"|  =  0 


and  for  a  Centered  olock: 


1+1|)  CX^   tan  CK  ^  I  -  o<2  cot   [cx^  L^  ^     = 


o(  ,  and  o^   are  connected  ty  the  relation: 


2  _  ,  2 


'+5)o<^-  o<^  =  k^-  k^ 

=  (^)^  (  €   -1) 

Equations  1+3 )  and  kk)   were  solved  numerically  "by  Frank  and  Pincherle 
(loc.cit,),  and  graphs  '.'ere  given  of  the  solutions. 

Equations  U3)  and  UU)  can  "be  solved  approximately  under  the  condition 
that  d  is  small  compared  to  a.   Since  the  equations  are  transcendental,  there  will 
be  an  infinite  set  of  roots,  which  correspond  to  the  TS   roots  in  the  empty  guide. 

The  approximate  solution  for  the  first  root  of  equation  U3)  is: 


U6)  o<     =    — 
2  a 


-3-' if" 


-] 


v/hile   for   the   first   root   of   UU) : 


U7)o<,=    ^ 


1-    ^{£-1) 


] 
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In  each  ease  the  second  term  in  the  brackets  is  assumed  to  be  such 

that  its  square  may  be  neglected.  The  values  of  the  propagation  constants  may  be 

found  by  direct  substitution.  Suppose  that  the  dielectric  is  lossy,  so  that  the 

«  It 

dielectric  constant  has  the  real  part  c  ,  the  imaginary  part  t  .   The  attenuation 

ma;*'  then  be  found.  Under  the  same  ^proximation,  the  attenuation  in  db/foot  is 

given  by; 


U8) 


a)   A  =  5»+50  £  "  4  (4) 

A   a 


b )   A  =  1650  e  4  — 

A   a 


3 


f^^ 


/^^ 


in  the  two  cases  respectively.  These  are  found  by  finding  the  propagation  factor 
h  from  Ti  ,   and  then  talcing  its  imaginary  part  .  A  suitable  conversion  factor  trans- 
forms this  from  nepers  to  db/foot.  It  is  evident  that  the  attenuation  is  much 
larger  v;hen  the  block  is  centered  than  when  it  is  against  the  wall,  since  the 
ratio  —  is  small.  For  all  other  roots  of  U3)  or  UU)  the  attenuation  vri.ll  be  much 
greater  than  for  the  lowest,  since  as  far  as  they  are  concerned  the  waveguide  is 
below  cutoff. 

8.  The  Finite  Block  Results 

V/e  may  reasonably  expect  that  if  ue  represent  the  field  in  the  finite 
block  in  terms  of  the  modes  of  the  infinite  strip,  the  result  will  be  rapidly  con- 
vergent if  the  block  is  at  all  long.  In  fact,  because  of  the  large  attenuation  of 
the  higher  mode  terms,  the  field  \ixll  be  given  principally  by  a  lowest  mode  term 
if  the  length  of  the  block  is  comparable  to  a  wavelength.  Therefore,  if  v/e  assume 
tie  entire  field  is  given  by  a  lov/est  mode  term,  the  error  can  be  expected  to  be 
small  if  the  block  is  sufficiently  long. 

If  the  block  is  narrow  enough,  mq   may  obtain  a  highly  accurate  result. 
From  dimensional  arguments,  the  second  term  in  the  numerator  of  the  right  side  of 
Equation  37)  is  of  the  order  (£-1)  —  times  the  first  term.   If  the  v/idth  is  small, 
the  functions  v^*  and  G  raay  be  assumed  constant  over  the  width.  The  second  term  then 

involves  two  integrations  over  the  width,  the  first  term  only  one.   The  second  term 

2 
thus  will  be  of  the  order  d  ,  the  first  term  only  of  order  d.  The  numerical  factor 

is  found  by  a  more  detailed  consideration.   If  this  factor  is  small,  we  may  neglect 
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the   second  term,    and  obtain  the  approximate   form; 

.  /  -       -  s,  2  /  di^ds 


t 


il  12'  ka  r  ;■         .    -       ," 

/  ..I;     yd      ds 
\J      e     re 

V/e  may   easily   shov/    that  the   function   -faxcYi  minimizes   the  right-hand 
side   is   just    dj>     =     W      .      To  get   this,   v;e  use   the  Schviartz   inequality,   i/hiuh  states 

that   if   f  and  g  are   any  t\;o  functions: 


50)      rTfgdsl^     <    /  f^ds      -Tg^ds 


or  it  may  be  rev/ritten: 


/. 


51)     ^^  ^" 


IJf  gds  1  2  Jg^ds 

Equality  is  obviously  given  by  f  =  g,  v/hence  it  follows  that  if  g  is 
given,  the  least  value  of  the  fraction  on  the  left  is  obtained  for  f  =  g.  Applying 
this  to  Equation  U9),  v/ith  f  =  (^g  ,  g  =  \i/  gives: 


52)   (z,,  +z,j     ^'^^r}^^    s 


11         12'  Ka  ~  r      2, 


e 

\|/^  is  given  by  Eq\iation  8)   as  Vt/     =  sin  —    cos  Ka.  S'jbstituting 

this   into  52)   and  evaluating  the   integral, keeping  only   first  powers    of  — .gives; 

53)     (z^    .z.J-i%±)^=_      2      L__csc2    I!!2- 

11  12  La  A  d       ^    _^  sm  K  ^  a 

Upon  replacing  i  by  -j   we    obtain  finally: 

r-).\     n       +7        _      .      a  1      .\    .       g 2  2         0 

1  +  lk_ 

2n)? 

\ 

g 
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We  may  apply  the  same  analysis  to  the  odd  functions  that  we  applied 
to  the  even.   The  approximate  form  is  ohtained: 


55) 


i(t-l)k   ^ 


7f, 


ds 


^11  -  ^12      ^^ 


^^o^4^o  ^^f 

As  "before,    the  right   side   is  minimized  for    W    ~    \aJ     =■  sin  — ■     sin  Krz, 

'0  '0  a, 

Upon  evaluating  the  integral,,  we   obtain: 


56) 


'11  ~  hz 


^  ~    yd 


sin  KV 


CSC 


o      TTX 

2  0 


and  upon  simplifying; 


.2  .      2ni 

_  .  /A„  \  „0  Sin  y—  -      TTX 

g 


2rTj( 


From  these  \/e  can  obtain  the  reflection  coefficient  R  and  the  standing 
wave  ratio  v-.  .  These  are  given  "by  the  relations: 


58)  R  = 


(^11  "  ^2)^^11  -  hz^  -   ^ 
^1^^12^^^^1-^2*^^ 


Since   £  is   complex,    the   impedances  will   "be   complex,   and   so  \;ill  R.    If 

we  assume   (  6-1)  —  to  be   sufficiently  small,   we  obtain  the  approximate  formula: 
a 


6c 


d/^  N  2n^     .    2    ^^ 


)  R-    +  j(£-l)  ~,f  )  ^sm 

-  ^       g 


6i)>V  = 


^. 


^^i^-'l(-f)¥-= 

__g 


o    TTX 
2  0 


TTX 


g 
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In  formula  6l )   the   quantities   d,a,XQ,    and  K  can  all  be  measured 
directly.      \   is  laiov/n,   X      can  126  computed,   and  v-i  may  "be   found  "oy  some   simple 

measurements.      Hence   formula  6l )  ma;'  "oe  used  to  determine  the  dielectric  constant 
or   rather   its   maenitude.      1'he  p^j?,se   of   the  dielectric   constant  naj'  "bs   found  by 
determining  the  position  of   the  m£idm?j.m  volLagCj    ard  usi-ng   the   formula: 


62)    itt  e-  -I  £-i| 


cos 


A 
g 


Here   ?  + denotes   the  position   of  the  maxixrom   far   to   the  left   of  the 


■block,   measured  from  the   center  of  the  "block,      formula  62)   is   only  valid  under  the 
restricting  cc 

9.   Conclusion, 


restricting  condition   (£-1)  —  <   <   1. 

3, 


The  next  step  v;ould  be  to  compute  Higher  approximations  to  the  field 
using  Equation  37)  and  the  corresponding  formula  for  the  odd  Case.   The  next 
approximation  to  the  field  that  we  would  use  would  "be  a  term  proportional  to  the 
lowest  mode  field  that  can  be  tetablished  in  the  dielectric.   Ihis  is  then  substi- 
stuted  into  Equation  37 )»  and  the  integrals  evaluated.   The  resulting  expression 
is  lengthy  and  cumbersome,  and  yields  very  little  information  beyond  that  given  by 
the  narrovi  block  approximation.   Also,  it  \;ill  probably  not  be  accurate  if  the  block 
is  significantly  \;ide,  since  in  that  case  the  field  should  be  given  by  a  superposi- 
tion of  modes.   These  will  be  strong  near  the  left  end  of  the  block,  and  rapidly 
attenuate  as  "e  move  to  the  right.   The  as3\imption  of  a  single  mode  providing  most 

of  the  field  can  be  shown  to  be  equivalent  to  saying  that  (  t-l)  —  is  small,  since 

a 

the  contribution  of  the  next  mode  v/ill  be  of  that  order  of  magnitude  times  the  first. 
This  amounts  to  using  the  narrow  block  theory,  and  if  v;e  actually  evaluate  the 
integrals,  and  then  expand  in  powers  of  (6,  -l)  —  ,  the  greatest  contribution  to 
the  impedances  can  be  shov;n  to  be  given  just  by  5^)  and  57  )•   This  analysis  shov/s 
that  the  narrow  block  theory  is  about  as  accurate  an  expression  as  can  be  obtained. 

It  has  been  pointed  out  by  Schwinger  that  the  dielectric  post  is  a 
resonant  structure.   Equation  bl)  shows  tliat  the  dielectric  block  also  will  be 
resonant,  since  it  is  possible  for  the  denomina.tor  to  vanish.   This  will  occur  for 
a  partioular  length  of  block  if  the  v/idth  and  positions  are  given.   If,  keeping  the 
frequency  and  thickness  fixed,  we  vary  the  position  of  the  block,  the  centered  block 
has  the  shortest  resonant  length.   For  fixed  thiclaiess  and  position,  the  resonant 

length  is  to  good  approximation  inversely  proportional  to  the  frequency.  A  plot  of 
standing  wave  ratio  against  length  for  fixed  thickness,  position,  and  frequency  is 
here  given. 
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